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Abstract

We extend our previous classification of stacky curves in positive characteristic using
higher ramification data and Artin—Schreier—Witt theory. The main new technical tool
introduced is the Artin—Schreier—Witt root stack, a generalization of root stacks to the
wildly ramified setting. We then apply our wild Riemann—-Hurwitz theorem for stacks
to compute the canonical rings of some wild stacky curves.

1 Introduction

Classical algebraic geometry in characteristic p > 0 already presents a wealth of new phe-
nomena that do not arise in characteristic 0. Consider for instance the topology of the
complex plane, viewed as the affine curve Al. Since A{ is simply connected, it has no non-
trivial coverings; it is not until one removes points from A} that more interesting topology
begins to appear. In contrast, for an algebraically closed field k£ of characteristic p > 0,
the affine line A} is far from being simply connected: Abhyankar’s conjecture (a theorem of
Harbater [Har| and Raynaud [Ray]) describes the finite quotients of the étale fundamental
group m(A}), but this profinite group is not even solvable.

The key observation in studying these phenomena is that étale covers of A} correspond
to covers of P} which are ramified over the point at infinity. In characteristic p > 0, ramified
covers of curves (or equivalently, function field extensions) can be studied using various
ramification filtrations of their Galois groups. For example, by Artin—Schreier theory, Z/pZ-
extensions of a perfect field K of characteristic p are all of the form

L =Klz]/(2? —x —a) for somea € K,a# b —bfor any b € K.

If K is a discretely valued field with valuation v, the integer m = —v(a) coincides with the
jump in the ramification filtration of Gal(L/K). This jump is an isomorphism invariant of
the extension and (after completion) essentially classifies degree p extensions. This situation
can be understood geometrically as follows. When K is a function field corresponding to a
curve C, then Z/pZ-extensions L/ K are equivalent to Z/pZ-covers D — C, up to birational
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equivalence, and each of these covers can be obtained by pulling back the Artin—Schreier
isogeny ¢ : G, — G,z — a2 — x along a map C — G,.

A geometric description of the ramification jump m requires more work. Assume D — C'
has a single branch point P € C and consider instead a map h : C — P!, where P! is viewed
as the one-point compactification of G, and P maps to the distinguished point oo in P!.
The Artin—Schreier isogeny on G, extends to a degree p map ¥, : P! — P! and one shows
that the cover D — C may be obtained by pulling back ¥; along h. It also follows that m
is precisely the order of vanishing of h at P.

Artin—Schreier—-Witt theory generalizes Artin—Schreier theory to the case of Z/p™Z-extensions
of K for n > 2. Namely, these are all of the form

L=Klz]/(2zP —x—a) for someaec W,(K),a#b" —bforany b € W,(K).

Here, W, (K) is the ring of length n p-typical Witt vectors over K and z = (29, x1,...,Tpn_1)
is a Witt vector of indeterminates. When K is a function field, extensions L/K are obtained
by pulling back the Artin—Schreier—Witt isogeny

oW, —W,, z+—2"—-2

along a map C' — W,,, where C is a curve with function field K.

To study the ramification invariants geometrically, Garuti [Gar] introduced a compacti-
fication W,, of the ring W,, which plays the same role for cyclic p"-covers as P* played for p-
covers in the above paragraph. Concretely, p extends to a degree p” map ¥,, : W,, — W,, and
7./p" Z-covers of curves D — C can be obtained by pulling back ¥,, along amap h : C — W,,.
Then, the n different jumps in the ramification filtration of Gal(D/C') = Z/p"Z coincide with
the orders of vanishing of h along the pullbacks of various divisors in W,, [Gar, Thm. 1].

1.1 Stacks in Characteristic p

In [Kob], the author introduced a construction called an Artin—-Schreier root stack in order to
study Z/pZ-covers of curves using stacks and to classify stacky curves with wild ramification
of order p. Briefly, if D — C is a cover of curves branched at P € (' such that the
inertia group at P is I = Z/pZ (as algebraic groups), let m be the ramification jump of
the ramification filtration of I. Then étale-locally, the corresponding map h : C — P!
taking P to oo factors through the weighted projective line P(1,m), which admits a degree
p map P(1,m) — P(1,m). This map descends to the quotient stack, @, : [P(1,m)/G,] —
[P(1,m)/G,], and pulling back g, along h defines the Artin-Schreier root stack of C', denoted
o -Y((L,s, f)/C). This definition is made global in [Kob, Def. 6.9].

One of the main applications of this construction, [Kob, Thm. 6.16], shows that every
such cover of curves D — C' factors étale-locally through an Artin—Schreier root stack which
is a wild stacky curve. Another, [Kob, Thm. 6.18], classifies wild stacky curves with this
type of inertia.

When the cover of curves (or instead, the wild stacky curve) has inertia of order p" for
some n > 2, it is always possible to iterate the Artin—Schreier root stack construction to
obtain the desired stacky structure [Kob, Lem. 6.11]. However, the local equations/geometric
data quickly becomes messy (as with ordinary curves). In the cyclic case, we would like to
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directly generalize the construction in [Kob|, rather than having to take towers of Artin—
Schreier roots. This leads us to Garuti’s geometric version of Artin—Schreier—Witt theory
described in the introduction.

In Section 4.3, we introduce a stacky version W, (m) of Garuti’s compactification which
then allows us to define the Artin—Schreier—Witt root stack of a scheme X along a map
X — [W,(m)/W,]. Here, m = (my,...,my) is a sequence of positive integers related to
the ramification jumps of the ramified covers of X one wants to allow through this stacky
structure. As a functor, W, (7) generalizes the n = 1 case W,(m) = P(1,m), the weighted
projective stack whose functor of points is described from this perspective in [Kob, Prop. 6.4].
For n > 2, a map X — W, () is determined by a tuple (L, s, fi, ..., f.), where L is a line
bundle on X, s is a section of L and f; is a section of L®™i; see Proposition 4.11. The
resulting root stack is denoted W' ((L, s, fi,..., fa)/X).

The simple reason for keeping track of all this extra data is that wildly ramified structures
(covers of curves, stacks, etc.) are more diverse than tame structures and require more
invariants to classify. This is already evident in the n = 1 case [Kob, Rem. 6.19] and will
play a role in the classification results of the present article, summarized in the following two
theorems.

Theorem 1.1 (Theorem 5.6). Suppose Y — X is a finite separable Galois cover of curves
over an algebraically closed field of characteristic p > 0, with a ramification point y € Y
over x € X having inertia group 1(y | x) = Z/p"Z. Then étale-locally, ¢ factors through an
Artin—Schreier—Witt root stack W-'((L,s, fi,..., fn)/X).

Theorem 1.2 (Theorem 5.7). Let X be a stacky curve over a perfect field of characteristic
p > 0. Then for any stacky point x with cyclic automorphism group of order p™, there is
an open substack Z C X containing x which is isomorphic to V. '((L,s, f1,..., fn)/Z) for
somem and L, s, fi,..., fn on an open subscheme Z of the coarse space of X .

In Section 6, we also package together the collection of W_'((L,s, fi,..., f,)/X) into a
universal Artin—Schreier—Witt root stack ASWx and give a unified description of Z/p"Z-
covers in Theorem 6.3.

More work is needed to handle stacky points with more general automorphism groups.
By classical ramification theory [Ser2, Ch. IV], these can be of the form P x Z/rZ where P
is a p-group and r is prime to p. By iterating tame and wild root stacks, one can achieve any
desired stacky structure. It is unclear how to globalize this procedure, as we do with each
individual root stack using [A!/G,,] and [W,,(7)/W,,]. However, see Section 8 for a possible
approach.

1.2 Application: Canonical Rings of Stacky Curves

In classical algebraic geometry, the canonical ring of a projective curve X is defined as the
graded ring

R(X) = @) HO(X. ).

where wy is the canonical sheaf. The canonical ring contains important information about
the geometry of X; for example, when X is smooth of genus at least 2, Proj R(X) is a model
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for X. Explicit descriptions of R(X) exist, such as Petri’s theorem (cf. [VZB, Sec. 1.1]),
which in turn provide explicit equations for X inside projective space.

Replacing X with a stacky curve X, one can similarly define a canonical ring R(X) in
order to study models of X inside weighted projective space. Generalizing results like Petri’s
theorem, Voight and Zureick-Brown provide generators and relations for R(X) when X is a
tame log stacky curve [VZB, Thm. 1.4.1].

For number theorists, one of the most useful applications of theorems like loc. cit. is
to modular forms. When X is a modular stacky curve (that is, a modular curve with
stacky structure encoding the automorphisms of elliptic curves with a given level stucture),
a logarithmic version of R(X) is isomorphic to a graded ring of modular forms and the
description in loc. cit. recovers formulas for generators and relations of rings of modular
forms. Notably, this description holds in all characteristics, as long as the modular curve
has no wild ramification. Nevertheless, many modular curves have wild ramification in
characteristic p, such as X (1) in characteristics 2 and 3, and therefore the results of [VZB]
do not apply.

In [Kob], we began investigating canonical rings of wild stacky curves. The starting place
is a stacky Riemann-Hurwitz formula that holds in all characteristics:

Theorem 1.3 (Stacky Riemann-Hurwitz, [Kob, Prop. 7.1]). For a stacky curve X with
coarse moduli space m : X — X, the canonical divisors Ky and Kx are related by the

formula
[e.e]

Ky=m"Kx+ Y Y (|Gail = a.
0

zeX (k) i=

Here, G, is the ith group in the higher ramification filtration of the automorphism group
G, at x.

Since the canonical sheaf wy is the line bundle attached to the divisor Ky, this result
is one of the main tools for computing the canonical ring of X’ in any characteristic. An
explicit example of Ky for a wild stacky curve is computed in [Kob, Ex. 7.8]. At the time,
the structure theory of wild stacky curves (in particular, their local root stack structure)
was only developed for stacks with wild automorphism groups isomorphic to Z/pZ. The
main results in this article allow us to extend the approaches in [VZB, Kob] to more general
stacky curves.

In particular, one would like descriptions of rings of modular forms like those of [VZB,
Ch. 6] when the relevant modular curve is a wild stacky curve. Already, the modular stacky
curve X (1) is wild in characteristics 2 and 3; see Examples 7.4 and 7.5. Another example
noted in [VZB, Rmk. 5.3.11] is the quotient [X (p)/PSLy(FF,)] in characteristic 3, which is a
stacky P! with two stacky points, one having tame automorphism group Z/pZ and the other
having wild automorphism group S3. We will compute canonical divisors for these curves in
Section 7. In joint work in progress with David Zureick-Brown, we give a description of the
corresponding rings of modular forms using this theory.
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1.3 Relation to Other Work

Moduli spaces of wildly ramified curves in characteristic p > 0 have been studied in a number
of places. In [Pri], the author constructs a moduli space for G-covers of curves with inertia
groups of the form Z/pZ x Z/rZ and prescribed ramification jumps. In particular, [loc. cit.,
Thm. 3.3.4] describes the moduli of covers of P! branched at one point, which is the situation
we will analyze in detail in Example 5.2 for inertia groups Z/p"Z. To turn this moduli
problem into a moduli stack, one could replace the configuration space (G,, X G771/,
from [loc. cit., Def. 2.2.5] with the quotient stack [(G,, X G"~')/u,_1], whose coarse space
is the configuration space. It is likely that certain substacks of this stack correspond to
refinements of the moduli problem of G-covers.

Along these lines, the authors in [DH] stratify the moduli space of Z/p"Z-covers by
specifying the sequence of conductors in the tower of Z/pZ-subcovers. These strata are
refined moduli problems represented by algebraic stacks [loc. cit, Prop. 3.4, Cor. 3.5] and the
authors identify irreducible components of these stacks. It is likely that their moduli stacks
have connections to the stacks described in Section 6, though we will leave such a description
to future work.

The stacks in Section 6 also has connections to the moduli stacks of formal G-torsors
considered in [TY]. In particular, when G = Z/p"Z, these moduli stacks can be filled out
by Artin—Schreier—Witt stacks; see Example 6.2.

Finally, the structure theorem 1.2 can be viewed as a wild analogue of the structure theory
in [GS], for stacky curves. Further work is needed to extend the theory beyond dimension 1
and, as mentioned in Section 8, beyond the cyclic wild case.

1.4 Outline of the Paper

The paper is organized as follows. In Section 2, we recall the basic geometry of stacky curves.
Section 3 is a brief survey of wild ramification and Artin—Schreier—Witt theory. To carry
these tools over to stacky curves, we use a construction of Garuti [Gar] which is described in
Section 4.2. The construction of Artin—Schreier—Witt root stacks is carried out in Section 4.3,
followed by our main classification theorems for wild stacky curves in Section 5. Section 6
describes how to capture all Artin—Schreier—Witt covers of curves using a limit of Artin—
Schreier—Witt root stacks. Finally, in Section 7, we apply the results here and in [Kob]| to
compute several examples of canonical rings of stacky curves.

The author would like to thank Andrew Obus and David Zureick-Brown for their guidance
on this project. Particular thanks go to David for suggesting the proof of Lemma 2.6.

2 Stacky Curves

In this section, we collect the basic definitions and properties for stacky curves needed for
later sections.
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2.1 Review of Stacks

For a scheme S, let Schg be the category of schemes over S, equipped with a Grothendieck
topology (usually the étale topology). Let X be a category fibred in groupoids (CFG) over
Schg. The following definitions are standard:

e The CFG X is a stack if for every object U € Schg and every covering {U; — U}, the
induced morphism X (U) — X({U; — U}) is an equivalence of categories.

e A stack X is an algebraic stack if the diagonal A : X — X xg X is representable
and X admits a smooth surjection U — X, where U is an S-scheme. Such a surjection
is called a presentation of X.

e A stack X is a Deligne—-Mumford stack if it is algebraic and the smooth presentation
above is in fact étale.

The set of points of a stack X', denoted | X, is defined to be the set of equivalence classes
of morphisms x : Speck — X, where k is a field, and where two points = : Speck — X
and 2’ : Speck’ — X are said to be equivalent if there exists a field L D k, k" such that the
diagram

Speck

N

Spec L X

NS

Spec k'

commutes. The automorphism group of a point z € |X| is defined to be the pullback G, in
the following diagram:

G, — Speck

B(I,x)
A
X =Yy xgX

A geometric point is a point Z : Spec k — X where k is algebraically closed.

Remark 2.1. Colloquially, a Deligne-Mumford stack is said to have finite automorphism
groups. The technical fact is that an algebraic stack over S with finitely presented diagonal
is Deligne-Mumford if and only for every geometric point z of X', the automorphism group
G is a reduced, finite group scheme [Ols, Thm. 8.3.3, Rmk. 8.3.4]. When S = Spec k for
an algebraically closed field k, this is equivalent to saying each automorphism group G is
finite.



2.2  Quotients

A stacky curve is a smooth, separated, connected, one-dimensional Deligne-Mumford
stack which is generically a scheme, i.e. there exists an open subscheme U of the coarse
moduli space X of X such that the induced map X x x U — U is an isomorphism.

Finally, when S = Speck, a tame stack is a stack X' for which the orders of the (finite,
by Remark 2.1) automorphism groups of its points are coprime to char k; otherwise, X is
said to be a wild stack.

2.2 Quotients
Quotients provide one of the most common examples of a stack.

Example 2.2. Let X be a smooth, projective k-scheme, where k is a field. For a smooth
group scheme G C Aut(X), the quotient stack [X/G] is defined to be the CFG over Schy
whose objects are triples (T, P, ), where T € Schy, P is a G X T-torsor for the étale site Ty
and 7 : P — X X, T is a G Xy, T-equivariant morphism. Morphisms (7", P', ') — (T, P, )
in [X/G] are given by compatible morphisms of k-schemes ¢ : 7" — T and G X, T"-torsors
¥ : P'— ¢*P such that p*m o1y = 7/, This is often summarized by the diagram

T [X/G)

Proposition 2.3. If G C Aut(X) is a finite group scheme, then [X/G] is a Deligne—
Mumford stack with étale presentation X — [X/G] and coarse moduli space X/G. More
generally, [X/G] is an algebraic stack which is Deligne—Mumford if and only if for every
geometric point T : Speck — [X/G], the automorphism group Gz is an étale group scheme
over k.

Proof. See [Ols, 8.1.12 and 8.4.2]. O

Lemma 2.4. Let X be a stacky curve over a field k with coarse moduli space m : X — X
and fiz a geometric point T : Speck — X with automorphism group Gz. Then there is an
étale neighborhood U — X of x := wo X and a finite morphism of schemes V- — U such that
Gz acts on' V and X xx U = [V/G3] as stacks.

Proof. See [Ols, 11.3.1]. O

This says that that every stacky curve X is, étale locally, a quotient stack [U/G], and
G may be taken to be the automorphism group of a geometric point of X', hence a finite
group. It follows from ramification theory [Ser2, Ch. IV] (see also Section 3.3) that when X
is tame, every automorphism group of X is cyclic. As a result, tame stacky curves can be
completely described by their coarse space, together with a finite list of stacky points (points
with nontrivial automorphism groups) and the orders of their automorphism groups.

In contrast, if X is wild, it may have noncyclic — even nonabelian! — automorphism
groups, coming from higher ramification data (again, see Section 3.3). The main goal of this
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article is to describe how wild stacky curves can still be classified by specifying data on their
coarse space.
The following result will be used later to construct isomorphisms between stacks.

Lemma 2.5. If F' : X — Y is a functor between categories fibred in groupoids over Schg,
then F' is an equivalence of categories fibred in groupoids if and only if for each S-scheme
T, the functor Fr: X(T) — Y(T) is an equivalence of categories.

Proof. This is a special case of [SP, Tag 003Z]. O

In Section 4, we will study towers of quotient stacks, for which we will make use of the
following result.

Lemma 2.6. Let G be a group scheme acting on a scheme X as in Example 2.2 and let
H C G be a normal subgroup scheme. Then [X/G| = [[X/H]/(G/H)].

Proof. By Lemma 2.5, it’s enough to check the isomorphism on groupoids [X/G](T) =
[[X/H]/(G/H)](T). At this level, the isomorphism is the identity on torsors P and identifies
the morphisms P — X X, T and P — [X/H] x; T via any fixed isomorphism between G(T")
and H(T) x (G/H)(T). O

2.3 Normalization for Stacks

In this section, we recall the notions of normalization and relative normalization for stacks,
following [Kob, Sec. 3]; see also [AB, Appendix A].

Definition 2.7. Let X be a locally noetherian algebraic stack over S. Then X is normal
if there is a smooth presentation U — X where U is a normal scheme. The relative
normalization of X is an algebraic stack XV and a representable morphism of stacks XV —
X such that for any smooth morphism U — X where U is a scheme, U X x X" 1is the relative
normalization of U — S.

Lemma 2.8 ([AB, Lem. A.5]). For a locally noetherian algebraic stack X, the relative nor-
malization X" is uniquely determined by the following two properties:

(1) X" — X is an integral surjection which induces a bijection on irreducible components.

(2) XY — X is terminal among morphisms of algebraic stacks Z — X, where Z is normal,
which are dominant on irreducible components.

Definition 2.9. Let X, Y and Z be algebraic stacks and suppose there are morphisms )Y — X
and Z — X. Define the normalized pullback Y x% Z to be the relative normalization of
the fibre product Y xx Z.

As in [Kob], we will write the normalized pullback as a diagram

VX4 Z2— Z
hﬂ
N% X
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3 Artin—Schreier—Witt Theory and Cyclic Covers

In [Kob], the author’s construction of the Artin-Schreier root stack solves the problem of
taking pth roots of line bundles on a stacky curve in characteristic p > 0, but one may want
to compute roots of a line bundle of arbitrary order (and we will see there is good motivation
for this). There is a natural generalization of the Artin—Schreier theory of cyclic Z/pZ-covers
called Artin—Schreier—Witt theory which will allow us to take p"th roots of line bundles for
n > 1. We give the basic outline of the theory in this section.

3.1 Artin—Schreier Theory

Suppose k is a field of characteristic p > 0 and L/k is a Galois extension with group G' =
Z/p"Z. When n = 1, we saw that such extensions are all of the form L = k[z]/(2? — x — a)
for some a € k, with isomorphism classes of extensions corresponding to the valuation v(a).
When n = 2, write L/k as a tower L O M D k, where L/M and M/k are both Galois
extensions with group Z/pZ. Then by Artin—Schreier theory,

M = klz]/ (2P — x — a) and L=M|[z]/(z*—z—10)

for a € k~ p(k) and b € M ~ p(M) — here, p denotes the map ¢ +— ¢ — c. It turns out (see
[OP]) that the extension L/k itself can be defined by the equations

PP P
—y==x and z—z:x+y (z+9) +w
p

where both z and w lie in k. Compare this to a Z/pZ x Z/pZ-extension, which can be written
as a tower of Z/pZ-extensions in multiple ways. The fact that L/k is cyclic is reflected in the
above equations defining the extension. To see this explicitly, suppose H = Gal(M/k) = (o)
where |o| = p. Then o acts on M = k[z]/(2? — z — a) via o(x) = x + 1. Moreover, o
generates G = Gal(L/k) if and only if

kly, 2]/ (2" — 2 = b) = kly, 2]/ (2" — 2 = o (D))

which in turn is equivalent to having o(b) = b+ p(b') for some b’ € M. It’s easy to see that
when L/k is Galois of order p* and factors as the tower above, then o(b) = b mod p(M)
occurs precisely when G = Z/pZ x Z/pZ, while o(b) # b mod p(M) coincides with the case
G = Z/p*Z.

3.2 Artin—Schreier—Witt Theory

For a general cyclic extension of order p™, Artin—Schreier—Witt theory and the arithmetic of
Witt vectors encode the above automorphism data in a systematic way. The basic theory
can be found in various places, including [Lan, p. 330]. For a commutative ring A, we define
the set of big Witt vectors over A to be simply the set of sequences of elements of A:

Wbig(A) = {(a1,a9,as,...) | a, € A}.



3.2 Artin—Schreier—Witt Theory

This is obviously functorial, so we have defined a functor W® : Ring — Set. We next define
a ring structure on each WP8(A). For a Witt vector a = (a,) € WP8(A), an associated
sequence (a™) of ghost components (composantes fantémes in French) is defined by setting

n n—1 i - n—1i
a(”):aé7 + pal +...—|—p”an:Zp’af .

If A contains Q, then the association of a Witt vector to its sequence of ghost components is
bijective, but this is not true in general. Explicitly, the Witt vector associated to a sequence
of ghost components (a™) is given by

n—1
1 1 n—1
ag = a(¥ and  a,=—a™ — g —a?
P p— pni

In the case when Q C A, we may define addition and multiplication operations on WP"#(A)
by taking a + b (resp. ab) to be the Witt vector whose nth ghost component is (a 4 b)™ =
a™ +b™ (resp. (ab)™ = a™b™). Set R = Q[Xy, X1,...;Yp,Y1,...] and consider the Witt
vectors X = (Xo, X1,...) and Y = (Yp, Yy,...) in WP8(R). Put

Su(Xoy oo, X Yo, oY) i= (X +Y), and Py(Xo,..., Xn;Yo,...,Y,) = (XY ),

Lemma 3.1. For each n > 1, S,, and P, are polynomials in Xo, ..., X, and Yy, ...,Y, with
integer coefficients.

Proof. (Sketch) For any a = (a,) € W"®(A), define a power series

o)

fat) = TJ(@ = ant™).

n=1

Then the standard and ghost components of a are related as follows:

—tilog fa(t) ia

n=1

Using this, one can show that fx(t)fy(t) = fxiyv(t) and, with slightly more work, that

fXY HH 1_ Xm dym etm>d+e m

d=0 e=0

where m = ged(d, e). These then imply that S,, and P, have integer coefficients. O
Thus the definitions of addition and multiplication of Witt vectors can be extended
to Z[Xo, X1,...;Yy,Y1,...] and indeed any subring of a ring containing Q. Finally, for
an arbitrary commutative ring A, fix a = (a,),b = (b,) € WP8(A), let ¢,, be the ring
homomorphism
Pab : Z[Xo,Xl,...;}/o,Yl,...] — A
X, — a,
Y, — by,
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and define the addition and multiplication of @ and b by
a+b=W(pwp)(X+Y) and  ab= W (p.p)(XY).

Under these operations, WP8(A) is a ring with zero element (0,0, 0, ...) and unit (1,0,0,...),
and WP8 : Ring — Ring is a functor. Furthermore, it is easy to check using the above de-
scription of Witt vector addition that WP&(A) is always a ring of characteristic 0. Therefore
Whig(A) 22 AN in general.

Now assume for the rest of the section that k is a field of characteristic p > 0 and A is
a k-algebra. We make the following change in notation: for each n > 0, replace a,» with
a, and write a = (ag, a1, aq, . ..) for the sequence of pth power components of the original
Witt vector. Call W(A) the set of Witt vectors over A with this new numbering convention.
This has a different structure than WP"®(A), but it is clear that the ghost components of

a = (ag, a1, as,...) are still given by a™ = agn + pazfn + ...+ p"a,. Moreover, the Witt
vector arithmetic defined above still defines a ring structure on W(A).

Remark 3.2. In the literature, the original W"¢(A) is referred to as the ring of big Witt
vectors, while the latter construction W(A) with indices shifted is called the ring of p-typical
Witt vectors, sometimes denoted Wy for emphasis. We will only make use of the ring of
p-typical Witt vectors and choose to denote it W.

For each n > 1, let W,,(A) be the set of Witt vectors of length n over A, i.e. the image
of the ring homomorphism

£ s W(A) — W(A)
(CL(), <oy An—1,0n,y Gy, - - ) — (a’OJ s 7an7170707 - )

We write an element of W,(A) as (ag,...,a,—1). The Verschiebung operator defined by
Vi W(A) - W(A), (ag,a1,...) — (0,a9,a1,...) is an abelian group homomorphism, and
moreover, W, (A) = W(A)/V"W(A) where V" = Vo---0oV,. The following results are

n
standard.

Lemma 3.3. The Verschiebung satisfies:
(a) Each a = (a,) € W(A) can be written a =Y~ V"™{a,} where {z} = (x,0,0,...).
(b) Fora=(a,) € W(A) and b= (0,...,0,b,,b,41,...) € V?W(A),

a+b= ((lo, ceey Op1, Qp + bnyan+1 + bn+1, .. )

(c) ue W(A) is a unit if and only if uy is a unit in A.

Next, define the Frobenius operator F : W(A) — W(A) by (ag,aq,...) — (ab,dl,...).
Then F'is a ring homomorphism which satisfies several important properties.

Lemma 3.4. For a = (ag,ay,...) € W(A),
(a) FVa=VFa=pa.

11



3.2 Artin—Schreier—Witt Theory

() (Va)® = pal-).
(c) a™ = (Fa)"V + pra,.
(d) For alli,j >0 and b € W(A), (Via)(VIb) = VI (FPiaFPD).
Consider the ring of length n Witt vectors W, (k). For x € W, (k), set pxr = Fx — z.
Then g is an abelian group homomorphism W, (k) — W, (k) and there is an exact sequence
0= Z/p"Z 5 W, (k) 2 W, (k) = 0

where i is the inclusion x — {z}. Let L/k be a Galois extension with Galois group G. Then
G acts on W, (L) via o - (xg,...,Tp-1) = (0(x0),...,Tp-1). One can mimic the classical
proof of Hilbert’s Theorem 90 to prove the following version for Artin—Schreier—Witt theory.

Theorem 3.5 (Hilbert’s Theorem 90). For a Galois extension L/k of fields of characteristic
p > 0 with Galois group G, H' (G, W, (L)) =0 for alln > 1.

Example 3.6. When k = F,, the field of p elements, we have an isomorphism

W, (F,) — Z/p"Z
($0, Ty, ... ,:Cn,l) — .fi'o —Fp.f'l 4+ ... —|—pn71i'n,1

for all n > 1, where Z; denotes the image of x; under the canonical surjection Z/pZ — Z/p"Z.
These commute with the natural maps Z/p"Z — Z/p™*1Z, giving an isomorphism

W(F,) = imZ/p"Z = Z,.

This was one of the original motivations for the construction of W: as a way to give a
canonical lift of a ring in characteristic p > 0 to a ring in characteristic 0, just as the p-adic
integers do for each finite ring Z/p"Z. Furthermore, the natural profinite topology on Z,
induces a topological ring structure on W(F,) under which all of the previous maps in this
section are continuous. Moreover, explicitly describing this topology allows one to write
down a topology on W(A) for any ring A.

Suppose z € W, (k) and o € W, (k*P) are Witt vectors such that p(a) = z. If a =
(g, ..., a, 1), we write k(p~'z) = k(ap,...,a,_1) as a field extension of k. The following
theorem fully characterizes cyclic extensions of degree p™ of k.

Theorem 3.7. Let k be a field of characteristic p > 0. Then for each n > 1, there is a
bijection

{cyclic eﬁe:rzzz]'oispf/ k with} s W (k) o(W, (k)

L=k(p'r)+— 2.

12



3.3 Ramification Data

Proof. (Sketch) Suppose a € W,,(k*P) is a root of the Witt vector-valued polynomial px —a,
where a € W, (k) is not of the form a = b for any b € W, (k). Then all roots of pxr — a
are given by a,a +1,...,a + (p" — 1)1 where 1 denotes the unit Witt vector (1,0,0,...).
In particular, this shows that k(p~'z)/k is Galois and Gal(k(p~'z)/k) = {1,0,...,07" "'}
where (o) = o + 11 for each 0 <7 < p™ — 1. Therefore k(p~'z)/k is cyclic of order p™.

Conversely, suppose L/k is cyclic of order p™ with Galois group G = (7). Applying Galois
cohomology to the short exact sequence 0 — Z/p"Z — W, (L) & W, (L) — 0 yields a long
exact sequence

0— Z/p"Z — W, (k) & W, (k) S HY(G,Z/p"Z) — H (G, W,(L)) =0

with the last zero coming from Hilbert’s Theorem 90. The map ¢ sends y to the cocycle
£:0w off — 8 where p3 = y. Since G acts trivially on W,,(F,), we have H'(G,Z/p"7Z) =
Hom(G,Z/p"Z) = End(Z/p"Z) = Z/p"Z. Let x € W, (k) be a Witt vector such that px
generates H'(G,Z/p"Z). One finishes by showing that L = k(p~'z). O

Alternatively, any cyclic extension L/k with Galois group G = Z/p"Z can be given by a
system of equations

yip_yi:fi(f07"'infl;y()?"'uyifl) fOI'OS’lSTL—l

where fy € k and each f; is a polynomial over k. This follows from Artin—Schreier theory
and the fact that a cyclic Z/p"Z-extension can be written as a tower of Z/pZ-extensions in
a unique way.

3.3 Ramification Data

Suppose k is a complete local field of characteristic p. Then k = ko((¢)) for an algebraically
closed field ky and the Galois theory of k& can be described by filtering the Galois group
G = Gal(L/k) of any separable extension according to liftings of the ¢t-adic valuation to L. In
particular, let Oy, be the valuation ring of k, or equivalently, the subring of k corresponding to
ko[[t]]. Tt contains a prime ideal p; corresponding to (¢) C ko[[t]]. For any separable extension
L/k, let Oy, be the valuation ring of L, which can be defined as the integral closure of Oy in
L. The unique prime ideal lying over p; will be denoted .
The Galois group G contains subgroups

I={0ceG:o(x)=x mod P, forall z € O},

called the inertia group of L/k, and

RZ{O‘EGZ@El modmLforalleLX},

T

called the ramification group. These form the start of a filtration of the Galois group:
G DO I DO R. For each i > 0, define

Gi={oc€eG:v(o(x)—x)>i+1forall ze O},

13



3.3 Ramification Data

where vy, denotes the unique extension of the t-adic valuation to L. Then Go = 1,G1 = R
and we get a filtration of G by normal subgroups:

G2Gy2G12Gy2 -+

This is called the ramification filtration in the lower numbering for G; it terminates in a
finite number of steps. If G, 2 G,p1, m is called a jump in the ramification filtration. It
is known [Ser2, Ch. IV] (and see Proposition 3.8 below) that Gy is a semidirect product of
the form P x Z/rZ, where P is a p-group, say of order p™, and r is prime to p. Moreover,
(1 is the unique Sylow p-subgroup of Gy, so there are exactly n jumps in the ramification
filtration.

A parallel filtration of G can be defined as follows. Define a function ¢ = ¢/, : [0,00) —
[0, 00) by

: 1 ,
(i) = m(|G1| +o Gl £ (0= m)[ G ])

for m € Z with m <i <m+ 1. (This is usually written as an integral; see loc. cit.) Define
the ramification filtration in the upper numbering for G by

GDODG"DG' ODG*D---

where G? = G, for j = ¢(i). An easy formula for translating between the extensions is due
to Herbrand [Ser2, Ch. IV]: if mg = up = 0 and for k£ > 1, my, (resp. uy) are the ramification
jumps in the lower (resp. upper) numbering, then

1

U — Up—1 = W(mk — My_1).

The filtration in the upper numbering is compatible with quotients of G (subextensions
of L/k), whereas the filtration in the lowering numbering is only compatible with subgroups
of G. However, the jumps in the upper numbering need not be integers, though they are
when G is abelian [Ser2, Ch. V, Sec. 7].

Here are some useful facts about the ramification filtrations of G = Gal(L/k).

Proposition 3.8 ([Ser2, Ch. IV], [OP, Prop. 4.2]). For a Galois extension L/k with group
G,

(a) Go = P X Z/rZ where P is a finite p-group and r is prime to p.

(b) Go/G1 is cyclic of order r.

(c) Gy is the Sylow p-group of Gy.

(d) For each i > 1, the quotient G;/G;1 is a direct product of cyclic groups of order p.
(e) The jumps in the lower numbering are congruent mod .

(f) The jumps in the upper numbering are congruent mod r.

14



4 Artin—Schreier—Witt Root Stacks

We now turn to cyclic p-extensions. By Theorem 3.7, any Z/p"Z-extension L/k is of the
form L = k(p~'z) for some Witt vector z = (xg,x1,...,Tn_1) € W,(k). Set m; = —v(x;)
for0<i<n-1.

Theorem 3.9. The last jump in the ramification filtration in the upper numbering for G =
Gal(L/k) is u = max{p""'m,; }1= .

Proof. This follows from [Gar, Thm. 1.1]. A proof using local class field theory can be found
in [Tho, Sec. 5]. O

Therefore the ramification filtration (either in the upper or lower numbering) of a cyclic
7. /p"Z-extension of complete local fields can be determined completely by its Witt vector
equation. For further reading, in the last section of [OP] the authors provide explicit equa-
tions describing Z/p*Z-equations of k((t)).

4 Artin—Schreier—Witt Root Stacks

Let k be a field of characteristic p > 0 and let L/k be Galois extension with Galois group
G = Z/p"Z for some n > 1. By Theorem 3.7, such an extension is of the form

L = kfa)/(pz — )

where © = (zg,...,%,_1) is an indeterminate taking values in the ring of length n Witt
vectors W, (k) and a € W, (k) is not of the form a = pb for any b € W, (k). Forn =1, p
is the just map a — of — «, used in [Kob, Sec. 6] to construct the universal Artin—Schreier
covers

om : [P(1,m)/G,] — [P(1,m)/G,].

These were used to define Artin—Schreier root stacks, the wild Z/pZ analogue of tame root
stacks. See Section 4.1 for a brief review.

To study higher order wild root stacks, we will replace the quotient stack [P(1,m)/G,]
with [W,(1,my,...,my,)/W,], where W, (1,my,...,m,) is a new stacky equivariant com-
pactification of W,, equal to P(1,m) in the n = 1 case. This stacky compactification is built
on a compactification W,, of W, in the category of schemes, due to Garuti [Gar], which we

describe in Section 4.2.

4.1 Artin—Schreier Root Stacks

Fix a prime p and an integer m > 1. As above, the universal Artin—Schreier cover for this
pair (p,m) is the morphism

om : [P(1,m)/Ga] — [P(1,m)/Gy]

induced by the compatible maps [u : v] — [uP : vP — vu™?~ V] on P(1,m) and a + o — «
on G,. Locally, points of [P(1,m)/G,| are triples (L, s, f), where L is a line bundle, s is a
section of L and f is a section of L™, with disjoint zero sets. Pulling back along g, takes
an Artin—Schreier root of the triple (L, s, f) as follows. For a scheme X and a triple (L, s, f)
corresponding to a map X — [P(1,m)/G,], the Artin-Schreier root of X over div(s) with
jump m is the normalized pullback

15



4.2 Garuti’s Compactification

om (L, s, f)/X) —— [P(1,m)/Gy]
h v
Om
X

[P(1,m)/Ga]

Properties of this construction are summarized below; see [Kob, Sec. 6].

Proposition 4.1. Let X be a scheme and (L,s, f) be a triple on X corresponding to a
morphism X — [P(1,m)/G,]. Then

(a) Artin-Schreier roots are functorial. That is, for any morphism ¢ : Y — X, there is
an isomorphism of stacks

Om (" (L, 5, f)/Y) 2= 0 (L, s, /)] X) x5 Y.

(b) If X is a scheme over a perfect field k, o, '((L,s, f)/X) is a Deligne-Mumford stack
with coarse space X .

(c) Locally in the étale topology, o, '((L,s, f)/X) is isomorphic to a quotient of the form
[V/G| where G = Z/pZ and V is an Artin-Schreier cover of (an étale neighborhood

of) X.

4.2 Garuti’s Compactification

For a vector bundle £ — X, let P(E) — X denote the projective bundle associated to E,
that is, P(E) = Projy(Sym(E")). This comes equipped with a tautological bundle Op(1).
Set Op(m) = Op(1)®™ for any m € Z, where Op(—1) = Op(1)" by convention.

Following [Gar], we define a sequence of ringed spaces (W,,, Oy (1)) inductively by

(W1, O, (1)) = (P!, Opi (1))
and (W, 0 (1)) = (P(Ow, , ® O, (p)),Op(1)) forn > 2,
where Op(1) is the tautological bundle of the projective bundle in that step. There is a

morphism
T Wn — Wn,1

for all n > 1 exhibiting W,, as a P'-bundle over W,,_;. Note that r.O0w (1) = O, | @
Ogw, ,(p). For each n > 2, there is a canonical section of r corresponding to the zero section

of the bundle P(Oy; & O (p)) over W,,_y. Let Z, be the divisor associated to the zero
locus of this section. On the other hand, the isomorphism

P(Ow, ,®Ow, ,(p) 2P(Ow, (-p)® O, ,)

induces another section of 7, called the “infinity section”, whose divisor (aka zero locus) we
denote by >,,.
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4.2 Garuti’s Compactification

Proposition 4.2 ([G_ar, Prop. 2.4]). There is a system of open immersions j, : W, — W,
such that j,(W,) = W, \ B, where B, is the zero locus of a section of O (1), given by

Bi=% and B,=%,+pr*B,_1 forn > 2.

Corollary 4.3 (|Gar, Cor. 2.5]). For alln > 2,
B, = anfz(rnfl)*zl
i=1

We next observe that W, is a compactification of W,, which is equivariant with respect
to the action of W,, on itself.
Lemma 4.4 ([Gar, Lem. 2.7]). Let O (1) be the tautological bundle on W,,. Then

(1) O, (1) is generated by global sections.

(2) For any m > 0, there is an isomorphism of rings

H(W,,, O (m)) = Sym™ (Hn-1)
where Hy denotes the dth graded piece of the graded ring
H=T,[t,y0,y1,---,]

(8) Under this isomorphism, Y, 1 and " define principal divisors

(Yoo)=>_apP  and  (I"7) =) bpP
such that ), ~,apP =Z, and }_, . bpP = B,.
This allows us to construct the action of W,, on W,,.

Proposition 4.5. The action of Wy, on itself by Witt-vector translation extends to an action
on W,, which stabilizes Og (1).

Proof. (Sketch) For n = 1, the translation action of Wy = G, on itself by A-z = 2+ \ extends
to an action on P! = W, by X - [z,y] = [z + Ay, y|. Since this fixes oo = [1 : 0], the action
stabilizes O(1) = O(1 - 00). The general case is proved by induction [Gar, Prop. 2.8]. O

Proposition 4.6. The isogeny @ : W,, = W,, extends to a cyclic cover of degree p”,
v, W, — W,

which is defined over F),, commutes with the maps r : W,, — W,,_1 and has branch locus B,
with Uy B, = pB,,.

Proof. (Sketch) The n = 1 case is well-known and is also outlined in [Kob, Sec. 6]. To induct,
consider the fibre product
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4.3 Artin-Schreier—Witt Root Stacks

P T WnJrl
q h T
- v, -
W, W

Then 7 : P — W, is a cyclic p"-cover given explicitly by
P =P(Og,, Oy, ("))

since ¥y, B, = pB, and Op(B,) = O (p). Using Lemma 4.4, it is possible to construct a
finite, flat morphism o
@ Wn+1 — P

over W,,. This defines W, 11 as the composition
Wy Wn-H Spr5 Wn—i—l

which is then finite, flat and extends o : W, ;1 — W,,; by construction. It is easy to check
(cf. [Gar, Prop. 2.9]) that the ¥,, and r commute. Finally, (3) of Lemma 4.4 tells us that

B,,11 is the effective part of the principal divisor (#7"), so V%, | B,, = pB,1 follows from the
fact that Wi (t) = (7). O

Remark 4.7. By construction, W, can be identified with the Hirzebruch surface Fy,. More
generally, the sequence of W,, form a Bott tower [GK]. In particular, each W,, is a smooth,
projective toric variety [CS].

4.3 Artin—Schreier—Witt Root Stacks

Next we turn to the construction of the stacky compactification W, (1,my, ..., m,) of the
Witt scheme W, for n > 1. We begin by setting W,(1,m) := P(1,m), our stacky compacti-
fication of W; = A!. The key insight for generalizing this is to use the fact [Kob, Lem. 6.3]
that P(1,m) is itself a root stack over P!

P(1,m) [AY/G,,)
B (Op1(1),%1) A/G,]

Pulling back P(1,m) = W,(1,m) along the sequence
S W W, 5 Wy — P

defines W, (1,m,1,...,1) for each n > 1. Each of these is a root stack over W,, with stacky
structure at (the pullback of) ¥;; for example, Wy(1,m, 1) = r*W;(1,m) is a root stack over
WQZ

18



4.3 Artin-Schreier—Witt Root Stacks

W2(17 m, 1)

[AY/Gri]

m

WQ (T*O]pl (1), r*zl) [Al/(@m]

For a pair of positive integers (m;,my), the compactification Wy (1, m;, ms) of W, is defined

by a second root stack, Wo(1,my,my) 1= ’”i/((’)(l), ¥2)/Wao(1,my, 1):

W2(1,m1,m2) [Al/Gm]
Wt mn, 1) 222 g |

Here, O(1) denotes the pullback of the line bundle Ogy, (1) to Wy(1,m4, 1) along the coarse
map. Now we proceed inductively. Let n > 2.

Definition 4.8. For a sequence of positive integers (mq,...,m,), define the compactified
Witt stack W, (1,m,,...,m,) to be the root stack m’\‘/(O(l), Y)W (1,my, .. my 1, 1)

W, (1,mq,...,my,) [AY/G,,]
_ ©01).%,)
Wn(l,ml,...,mn_l,l) [A /Gm]
where Wy, (1,my, ..., mp_1,1) = r*W,_1(1,myq,...,m,_1) is the pullback along r of the com-

pactified Witt stack Wy,_1(1,m1,...,mu_1) over W,,_1, and O(1) is pulled back inductively
as explained above.

We will continue to abuse notation by writing r for the natural projections

Wn(l,ml, . ,mn) — anl(l,ml, . ,mn,l).

Proposition 4.9. For eachn > 1, the cyclic p™-cover V,, - W,, — W,, extends to a morphism
of stacks o
mn - W(my, oo omy) = W(my,...,my,)

.....

which commutes with v W(my, ..., my,) — W(my,...,m,_1) and satisfies V*B,, = pB,.

Proof. Forn =1, ¥, : P! — P! is the extension of p(z) = 2P —x from A" to P'. As explained
in [Kob, Sec. 6], this extends naturally to W,(1,m) = P(1,m) as [z,y] — [2P, y? — ya™@~D)].

Then by construction W*Y; = p¥;. To induct, suppose V¥ : W, 1(L,my,...,my_q) —
W,—1(1,mq,...,m,_1) has been constructed. Then pulling back along r extends ¥ to a

cover W, (1,m1,...,mp_1,1) = W,(1,mq,...,my_1,1). Since the root stack construction
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4.3 Artin-Schreier—Witt Root Stacks

commutes with pullback (cf. [Cad, Rem. 2.2.3] or [Kob, Lem. 5.10]), this induces a morphism
v Wn(l,ml,...,mn)_—> W, (1,mq,...,my,). By construction this commutes with r :

W, (1,my,...,my) = W, _4(1,myq,...,m,_1) and we can compute

U*B, = U*(%, +pr*B,_1) by Proposition 4.2
= Uy, +pr*(V*B,_1) since ¥ and r commute
= pX, +pr*(pB,-1) by induction
=p(E, +pr*Bn_1) = pB,.

]

Next, we prove a generalization of [Kob, Prop. 6.4] that describes the T-points of the
stack W,,(1,mq, ..., m,) for any scheme T in terms of line bundles on T and their sections.
First, we reinterpret W, (1,my,...,m,) as a quotient stack.

Lemma 4.10. For each n > 2 and any sequence of positive integers (mq,...,my), the
compactified Witt stack is a quotient stack:

W, (1,my,...,my) = [Vu ~ {0}/G,,]

where V,, is the total space of a rank 2 vector bundle E, on Wn_l(l, mi,...,My_1) and G,
acts on V,, with weights (1, m,,).

Proof. (Sketch) First consider the case when m; = --- =m, = 1, that is W,(1,1,...,1) =
W,,. By definition, W,, = P(E,,) where E, = O © O (p). For any vector bundle E
on X, the projective bundle P(E) can be presented as a quotient stack

P(E) = [V~ {0}/Gy)]

where V' = Sym(FE*) is the total space of E and G,, acts on V' by scalar multiplication. This
finishes the description in the unweighted case.
For the general case, the rank 2 vector bundle is

with total space V,,, and P(E,,) is replaced by a weighted relative Proj, with weights (1, m,,).
In this case the weighted relative Proj is identified with the quotient P(E,,) = [V,, ~ {0}/G,,]
where G, acts on V,, with weights (1, m,,). O

Recall [Kob, Prop. 6.4] that for each m > 1, a morphism into the weighted projective
stack P(1,m) are equivalent to the data of a triple (L, s, f) consisting of a line bundle L, a
section s of L and another section f of L®™ such that s and f do not vanish simultaneously.

For two weights m, n > 1, consider the compactified Witt stack Wy (1, m, n). To generalize
[Kob, Prop. 6.4], let Divlh™ " he the category fibred in groupoids whose objects are tuples
(T, L,s, f,g), where T is a scheme, L is a line bundle on T, s € H(T, L), f € H°(T, L™) not
vanishing simultaneously with s, and g € H°(T, L™), also not vanishing simultaneously with
s. Morphisms are compatible morphisms of line bundles taking sections to sections. Then
Dipltmnl o Wsy(1,m,n), as explained below.
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4.3 Artin-Schreier—Witt Root Stacks

Starting with the case m = n = 1, we have Wy, = P(E;), where Ey = Op @ Opi(p)
by definition. By the universal property of this Proj bundle, a morphism T — W, is
determined by a map T' % P! (hence a triple (L, s, f)) and a subbundle L C ¢*E,, which in
turn determines a section g = ¢*sg of L. In other words, g is determined by the divisor >,
in WQ.

For any weights m,n > 1, [Kob, Prop. 6.4] shows that P(1,m) can be identified with
Diol™  the stack of tuples (T, L,s, f). Thus there is a forgetful morphism Dipltmnl
Dipltml =~ P(1,m). Pulling things back to Wy along 7, we see that Wy(1,m, 1) can similarly
be identified with Dio™! — with the second section coming from Y, as above. Finally,
Woy(1,m,n) is defined as a root stack over Wy(1,m,1) along this divisor Yy, with weight
n. Then [Kob, Prop. 5.3] allows us to identify Wy(1,m,n) with Diol™M - Explicitly, for
¢ : T — Wy(1,m,n), the tuple (L, s, f,g) is given by L = ¢*O(1), s = p*r*[0 : 1], f =
©*r*[1 : 0] and g = ¢*¥,. This is summarized in the following commutative diagram, in
which the square is cartesian.

Dio!"™" = W, (1,m,n)

Dol > G, (1, m, 1) —— P(1,m) = Dipl™!

W, P!
Now we turn to the general case. For a sequence of positive integers mq,...,m, and a
scheme T, let Dipltmismal (T') be the category whose objects are tuples (L, s, f1, ..., f,) with

simultaneously with s. Morphisms (L, s, f1,..., f.) — (L', s, f{,..., f/) in Dipllmar m"](T)
are given by bundle isomorphisms ¢ : L — L’ taking s — s’ and f; — f/. Then Dipllmismal
is a category fibred in groupoids over Schy. The proof in the n = 2 case above generalizes
easily to show:

Proposition 4.11. For any my,...,m, > 1, there is an isomorphism of categories fibred in
groupoids o
Diplbmimel 2 (1,my, ..., my,).

Definition 4.13. Let X be a scheme, (mq,...,m,) a sequence of positive integers and con-
sider a tuple (L, s, f1, ..., fn) consisting of a line bundle L on X and sections s € ['(X, L) and
fi € (X, L™), 1 <i<mn, which do not vanish simultaneously. The Artin—Schreier—Witt
root stack of X along (L, s, fi,..., fn) is the normalized pullback W= ((L,s, fi,..., fn)/X)
of the diagram
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4.3 Artin-Schreier—Witt Root Stacks

U (L, s, f1ye s fn)/X) —— [Wo(1,my,...,my,)/W,]

v
v

X

W, (1,m1,. .., mn) /W]

where U is the cyclic degree p™ morphism from Proposition 4.9 and the bottom row is induced
by (L, s, f1,..., fn), following Proposition 4.11.

As in [Kob, Sec. 6], this definition extends to a base which is a stack. For a stack X, set
Diplhmi- m"](i) = Homggaers (X, Divl™mn)) and likewise set W, (1,my, ..., mp,)(X) =
HomStacks(Xa WH(L my,..., mn))

Definition 4.14. For a stack X, a sequence of positive integers (my,...,my,) and a tuple
(L,8, f1,.. s fn) € Wo(1,my,...,my)(X), the Artin—Schreier—Witt root stack of X
along (L, s, f1,-- ., fn) is defined to be the normalized pullback ®~1((L,s, fi,..., fn)/X) of
the diagram

UL, s, freo fu) | X) ——
v

Wn(l, mi, ..., my) /W]

—

Y

X

Wn(l, mi, ..., my) /W]

—

Remark 4.15. As in [Kob, Rmk. 6.10], we can interpret the T-points of an Artin—Schreier—
Witt root stack U1((L, s, f1,..., fn)/X) for “local enough” T étale-locally, they are tuples

(p, M,t,g1,...,Gn,%) where T % X is a morphism of schemes, M is a line bundle on 7,

MY ¢*L is an isomorphism of line bundles, t € H°(T, M) and for each 1 < i < n,
gi € HO(T, M™), all satisfying

n

V") = ¢*s and  (gf — t™ P Vg) = o fi for 1 <i < n.

The global situation is a little more delicate than in loc. cit., so we take care to explain
it here. Let T be a normal scheme. For n = 1, the T-points of ¥71((L,s, f)/X) are
tuples (¢, M, t,g,1), this time with g € H°(mq(t), M™ |, ) a “local section”, or germ
at each point of the support of the divisor mq(t). Generalizing this, for any n, set X; =
UY(L,s, f1,...,fi)/X), n; : Xi — X;_1 the canonical projection, and D; = n; *(¢) for each
1 < i < n—1. Then with T still normal, the T-points of W=Y((L,s, f1,..., fn)/X) are
(o, M,t,g1,...,gn, %) with g; € H*(m;_1D;_1, M™|p, ,) and the rest as above. A concrete
example of this phenomenon can be found in Example 5.3. When T is not normal, things are
probably too complicated to write down generally. However, a higher order version of [Kob,
Ex. 6.13] is possible in theory, either by iterating the method described in [Kob, Rmk. 6.2]
(see also [LS, Lem. 5.5]) or by generalizing that result using Witt vectors. See also [Mad,
Sec. 2].
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5 Classification Theorems

5 Classification Theorems

In this section, we use the construction of Artin—Schreier—Witt root stacks to classify stacky
curves in positive characteristic with cyclic pth-power automorphism groups. This completes
the cyclic version of the program begun in [Kob]. For remarks on the general case, see
Section 8.

Lemma 5.1. Let h : Y — X be a morphism of stacks and (L, s, fi,..., fn) an object in

U (WL, s, B fr, . W )] V) = U (L, s, fiy e fa) ] X) X5 V.
Proof. See [Kob, Lem. 6.11]. O

Example 5.2. Consider the smooth, projective Z/p*Z-cover Y of P} given birationally by
the Witt vector equation pz = (t77,0) where x = (z,y) € Wy(k) and p 4 j. On the level of
function fields, this corresponds to the tower of fields L O K D k((t)) with equations

P — =t (I)
Y —y=1t"z (IT)

which has Galois groups G = Gal(L/k((t))) 2 Z/p*Z, H = Gal(L/K) 2 Z/pZ and G/H =
Gal(K/k((t))) = Z/pZ. Let X be the smooth, projective curve with affine equation (I),
giving us a sequence of covers Y x4 P}. By Theorem 3.9, the ramification jumps in
the upper numbering are j and pj. If P, = Projk[zo, z1], [Kob, Ex. 6.12] shows that the
quotient stack X := [X/(G/H)] is an Artin-Schreier root stack over the point [0 : 1] € P}
with jump j:

X = [Y/(G/H)] = o7 ((O(1), w0, 29) /) = P X /6, [P(L5)/Gal-

Similarly, the quotient stack Z := [Y/H] is an Artin—Schreier root stack over the preimage
of [0: 1] in X, this time with jump pj:

Z =[Y/H] = ¢,/ (0x(1), 5, f)/X) = X X1 )6, P(1,95) /Gl

where s = ¢*zg and f € H°(X,Ox(pj)|p) corresponds to t 7z as a germ of a rational
function at P = a~!(00), where a : X — P! is the coarse moduli map.

We'd like to describe ) := [Y/G] in a similar fashion. Below is a diagram showing the
relations between P!, X, Y and the quotients X,) and Z:

Y
[Y/JH]X» X \
| |
/6] - ey -



5 Classification Theorems

Here, each solid vertical arrow is a degree p quotient, the solid diagonal arrows are the degree
p ramified covers described above (equations (I) and (II)), and the dashed horizontal arrows
are Artin—Schreier root stacks — from Lemma 2.6 it follows that § is an Artin—Schreier root
over the preimage of oo in X with jump pj, while the others are as described above. The
composition ¥ = aof can similarly be described as an Artin—Schreier—Witt root over oo with
jumps j and pj: the tuple (L, zo, 2, f) on P! determines a morphism P' — [W,(1, 5, pj)/Wo]
and pulling back along ¥ = W, .. : [Wy(1, 5, pj)/Wa] — [Wa(1, 5, pj)/Ws] yields Y:

N [Wy(1, 4, pj)/Ws
X [P(lv j)/Ga] \I[j,pj

:

[P(1,5)/Ga) —— [Wa(1, 5, pj)/ W)

Pl

Example 5.3. More generally, for any curve X and Witt vector-valued function w €
W, (k(X)) N~ p(W,(k(X))), let Y,, be the curve over X assigned to F' by Theorem 3.7;
call the corresponding ramified Z/p"Z-cover 7 : Y,, — X. This determines a system of
equations

v, —yi=F, 0<i<n-—1

where Fy € k(X) and each F; is a polynomial in Fy, ..., F;_1,%0,-..,yi—1 over k(X). Then,
étale-locally about each ramification point on X, there is an isomorphism

p O (Lys, froeos fa) [ X) = [Yo/(Z/p"L)]

where (L, s, f1,..., fn) is defined as follows. First, the pair (L, s) corresponds to the divisor
div(Fp) on X. Next, for each 1 <i < n — 1, define &; to be the stack obtained by replacing
an étale neighborhood Up of each point P in the support of div(F,) with the quotient
[Up/Gpil/(Gpo/Gp;)], where Gpy = Gal(Up/m(Up)) and G; p C Gpy is the ith ramification
group in the upper numbering. For each i, choose f; € H*(X;_1, Ox,_, (u;)|p,_, ) corresponding
to [}, viewed as a germ of a rational function about P,_;, the preimage of P in A} (explicitly,
one can restrict Fj| @,y and pull back to A; to get f;). By Theorem 3.9, each f; has
valuation w; at P, where uy,...,u, are the n upper jumps in the ramification filtration
Gpo 2 Gpy 2 ---. The isomorphism ¢ follows as in Example 5.2; see also Remark 4.15.

In general, every Artin—Schreier-Witt root stack W=1((L, s, f1, ..., fn)/X) can be covered
in the étale topology by “elementary” ASW root stacks of the form [Y/(Z/p"Z)] as above.
Rigorously:

Proposition 5.4. Let X = U"Y((L,s, f1,..., fn)/X) be an Artin-Schreier—Witt root stack
of a scheme X along a tuple (L, s, f1,...,fn) € Dipltmi m”](X) and let m: X — X be the
coarse map. Then for any point T : Speck — X, there is an étale neighborhood U of x = 7(T)
such that U x x X = [Y/(Z/p"Z)] where Y is a smooth, projective Artin—Schreier—Witt cover
of U.
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5 Classification Theorems

Proof. Apply Lemma 5.1 and Example 5.3. See also [Kob, Prop. 6.14]. [

We are now ready to extend the classification results in [Kob, Sec. 6] to wild stacky
curves with Z/p"Z automorphism groups. We say a sequence of positive integers my, ..., m,
is admissible if it satisfies the conditions in [OP, Lem. 3.5], i.e. if it is possible for my, ..., m,

to occur as the ramification jumps in the upper ramification filtration for a Z/p"Z-extension
of local fields.

Theorem 5.5. Let X be a Deligne—Mumford stack over a perfect field k of characteristic p >
0 and let my,...,m, > 1 be an admissible sequence. Then for any tuple (L, s, f1,..., fn) €
Dipllmi- m”](X), the Artin—Schreier—Witt root stack Y = W=((L, s, f1,..., fa)/X) is also
Deligne—Mumford.

Proof. Following the proof of [Kob, Thm. 6.15], it suffices to show this étale-locally, say
over an étale neighborhood U — X. We may assume L is trivial over U and lift U —
(W, (1,m4,...,m,)/W,] to a map U — W,(1,my,...,m,). Then Lemma 5.1 and Exam-
ple 5.3 imply Y xy U = [Y/G] where Y is a smooth scheme with an action of G = Z/p"Z
making Y into a G-torsor over U. Since G is étale, this quotient stack is Deligne-Mumford

[Ols, Cor. 8.4.2], so Y x» U is also Deligne-Mumford. O

Theorem 5.6. Let k be an algebraically closed field of characteristic p > 0 and suppose
m Y — X is a finite separable Galois cover of curves over k with a ramification point
y € Y over x € X such that the inertia group I(y | x) is Z/p"Z. Then there exist étale
netghborhoods V- — Y ofy and U — X of x, a sequence of integers my, ..., m, > 1 satisfying
the hypotheses of [OP], and a tuple (L,s, f1,...,fa) € Dipllmar m”](U) such that V. — U
factors through an Artin—-Schreier—Witt root stack

V U ((L,s, fi,..., fn)/U) = U.

Proof. Both proofs of the n = 1 case from [Kob| generalize, but here’s a streamlined version.
Since I = I(y | ) = Z/p"Z is abelian, [Serl, Prop. VI.11.9] prescribes a rational map
p X --+ J, to a generalized Jacobian of X with modulus m whose support includes =,
such that Y = X x;_ J' for some cyclic, degree p™ isogeny J' — J,. Choose an étale
neighborhood U’ of X on which ¢ is defined and set U = U’ U {x}. Then 7, which is the
pullback of J" — Jy, restricts to a one-point cover w|y, : V. — U of degree p", ramified
exactly at x, with Galois group I. We would like to extend this to a compactified Witt stack

W :=W,(1,m4,...,m,) for an admissible sequence my, ..., my:

V J’ W, w
T

U—" W, s W

We may assume 7|y is cut out by an Artin-Schreier-Witt equation py = w with w €
W, (k(U)). For 1 < i < n, m; := vy(w;) is the ith the upper jump in the ramification
filtration of I. Let (L,s) correspond to the divisor x on U and choose sections f; as in
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6 A Universal Stack

Example 5.3. The data (L, s, fi,..., f,) defines the composition U — W in the bottom
row of the diagram. Pulling this data back to V' defines the composition in the upper
row. Finally, by the definition of W7'((L, s, f1,..., f,)/U) as a pullback, we get a morphism
V - U Y((L,s, f1,..., fn)/U) through which 7|y factors. O

Theorem 5.7. Let X be a stacky curve over a perfect field k of characteristic p > 0 with
coarse space X and let x € |X| be a stacky point with automorphism group Z./p"Z. Then X
has an open substack containing x of the form W= ((L,s, f1,..., fn)/U) where U is an open
subscheme of X and (L, s, f1,..., fn) € Diplbmi-mal(qr),

Proof. The ramification jumps of X at x may be defined by pulling back to any étale pre-
sentation ¥ — X and reading off the upper jumps in the cover of curves ¥ — X. We
may take U C X whose intersection with the image of the stacky locus of X is {z}. Set
U=UxxXandV =U xx Y. Then V — U is a one-point cover ramified at z, with
inertia Z/p"Z, so by Theorem 5.6 the cover factors as V' — W=((L, s, fi1,..., fn)/U) = U,
where L = Oy (z) with distinguished section s, and fi, ..., f, come from an Artin—Schreier—
Witt equation for the cover, as in Example 5.3. By this description, we also get a map
U — I Y(L,s, f1,..., fn)/U) which is independent of the cover chosen, so it gives us the
desired substack. O

6 A Universal Stack

The various Artin—Schreier(—~Witt) root stacks of a given scheme X can be packaged together
into a single stack as follows. We first deal with the Artin—Schreier case.

Note that when m | m’, there is a morphism of weighted projective stacks P(1,m’) —
P(1,m) which is G,-equivariant, hence descending to [P(1,m')/G,] — [P(1,m)/G,]. Denote
the inverse limit of this system by .AS, which is an ind-algebraic stack. For a scheme X, the
fibre product ASx := AS x X parametrizes Artin—Schreier covers Y — X.

Theorem 6.1. Let Y — X be a finite separable Galois cover of curves over an algebraically
closed field of characteristic p > 0. Then about any ramification point with inertia group
Z/pZ, the cover factors through ASy for some étale neighborhood U of the corresponding
branch point on X.

Proof. Apply [Kob, Thm. 6.16]. ]

Example 6.2. When X = Speck((t)) for a perfect field k of characteristic p > 0, the stack
AS x coincides with the stack Az, of formal Z/pZ-torsors studied in [TY]. The quotients

[P(1,m)/G,] can be viewed as a filtration of Az, by ramification jump, coinciding with
(A1))* in the isomorphism (A))* x B(Z/pZ) = Agj,z from [loc. cit., Thm. 4.13).

More generally, for a fixed n > 2, the compactified Witt stacks W, (1,m1,...,m,) form
an inverse system via m; | m} for all i. Denote their inverse limit by ASW,,, which is
again an ind-algebraic stack. Let ASW,, x := ASW,, x X be the stack which parametrizes
ASW-covers of X.
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7 Application: Canonical Rings

Theorem 6.3. Let Y — X be a finite separable Galois cover of curves over an algebraically
closed field of characteristic p > 0. Then about any ramification point with inertia group
Z|p™ZL, the cover factors through ASW,, v for some étale neighborhood U of the corresponding
branch point on X.

Proof. Apply Theorem 5.6. O

Example 6.4. As in Example 6.2, ASW,, speck(t)) = Azyprz, the stack of formal Z/p"Z-
torsors also studied in [TY]. In this case, the authors in loc. cit. do not give an explicit
parametrization as in the Z/pZ case, but they do present Az/nz by a system of affine
schemes.

7 Application: Canonical Rings

Recall from Theorem 1.3 that for a stacky curve X over a field k£ with coarse moduli space
m: X — X, the following formula defines a canonical divisor Ky on X:

o0

Ex=m"Kx+ » Y (|Gasl = 1)z
0

zeX (k) i=
where G, ; are the higher ramification groups in the lower numbering at x.
Example 7.1. Let Y — P! be the Artin-Schreier-Witt cover given by the equations

1
Yy —y=— and P =
™ ™
This cover is ramified at the point @ lying over co with group G = Z/p*Z and ramification
jumps m and m(p? + 1) (by Example 5.2), so by the stacky Riemann—Hurwitz formula, the

quotient stack X = [Y/G] has canonical divisor

m m(p?+1)
Kx==2Q+) (@ -1)Q+ Y (—-1)Q
=0 i=m-+1

— 20+ (m+ 1) = 1) +mp*(p—1))Q
= (mp® +p* —m —3)Q.

Using the formula deg(Ky) = 2g(X') — 2, we can also compute the genus of X

mpP4+pP—m—1
= 2 ,
Using an appropriate form of Riemann-Roch (see [Beh, Cor. 1.189] or [VZB, Rmk. 5.5.12]

or [Kob, Sec. 7] for further discussion), one can recover the dimensions of the graded pieces
of the canonical ring of X’

g(X)

RO(X,nKy) = deg (|nKx|) — g(X) + 1+ h%(X, (1 —n)Kx).

See [Kob, Ex. 7.8] for an example when X is an Artin—Schreier root stack over P'.
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7 Application: Canonical Rings

Example 7.2. Let X = [Y/(Z/p*Z)] be the Artin-Schreier- Witt quotient from Example 7.1.
For the cases when m < p?, we have

mp® +p* —m —1
0

LKXJ:—QH—I—{ Joo:—2H+mpoo

so by Riemann—Roch, h°(X, Kyx) = mp. There’s not such a clean formula for the global
sections of nKy, but one still has

RO(X,nKy) = —2n + V(mp?)ﬂ;_m_ I)J +1=n(mp—1)+ {WJ :

When m > p?, the formulas are even more complicated, reflecting the importance of the
ramification jumps in the geometry of these wild stacky curves.

Example 7.3. Let M ; be the moduli stack of elliptic curves over a field F' and let ﬂl,l be
its standard compactification obtained by adding nodal curves. When char F # 2,3, M, ; is
isomorphic to a stacky P!, namely the weighted projective stack P(4,6). While this is not a
stacky curve, one can rigidify ﬂl,l to remove the generic 5 action and obtain a stacky curve

./\/lilg1 = P(2,3) (see [VZB, Rmk. 5.6.8]). This only changes the canonical ring by shifting the

grading: a section in the weight &k piece of R(ﬂigl) corresponds to a section in the weight 2k

piece of R(M ;). The same is true if we instead consider the log canonical ring R(M; 1, A),
where A is the log divisor of cusps (in this case, A is the single point added to compactify

M, 1). By [VZB, Lem. 6.2.3],
Ml 17 @Mk)

where M), is the space of weight k& (Katz) modular forms. On the other hand, the isomorphism
Mﬁ =~ P(2,3) and Theorem 1.3 imply that K = —200 + 2P + @ is a canonical divisor on

Ml,h where P is the elliptic curve with j = 0 and @ is the one with 7 = 1728. Then
Riemann—Roch says that

(M?%? ) F[x2>$3]
where z; is a generator in weight 7. Applying the grading shift, we get

(Ml 1, ) F[l’4,x6]
which recovers a classical result for modular forms in all characteristics other than 2 and 3.

Example 7.4. In characteristic 3, the points on ﬂLl corresponding to elliptic curves with
J-invariants 0 and 1728 collide, resulting in a more exotic stacky structure. Indeed, one can
show that ﬂ?gl is isomorphic to a stacky curve with coarse space P! and a single stacky
point with automorphism group S3, which is nonabelian. Such a stacky curve is of course
not a tame or wild root stack, but one can take the fibre product of a tame square root stack
and an Artin-Schreier root stack of order 3, both over oo € P!, to obtain this curve.
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8 Future Directions

Example 7.5. In characteristic 2, things are even worse. Once again, the points with j =0
and 1728 collide and this time ﬂilgl is isomorphic to a stacky P! with a single stacky point
whose automorphism group is the semidirect product (Z/27 x Z./27) x Z./3Z. As the 2-part
of this group is not cyclic, one must iterate Artin—Schreier root stacks to achieve the wild
part of the structure; see Section 8 for more details.

To use the stacky Riemann—-Hurwitz formula (Theorem 1.3) in both of these cases, one
needs to compute the ramification filtration for the automorphism group at j = 0 = 1728
and read off the ramification jumps. In forthcoming joint work with David Zureick-Brown,
we compute these ramification jumps and recover the result, originally due to Deligne [Del],
that in characteristics p = 2,3, the ring of mod p modular forms (of level 1) is isomorphic to
the graded ring F,[x1, x¢], where z; is a generator in degree i. We will also give an account
of the following example.

Example 7.6. Another example coming from modular curves is, for a prime p > 5, the
quotient X = [X(p)/PSLy(F,)]. As pointed out in [VZB, Rmk. 5.3.11], in characteristic 3,
X is a stacky P! with two stacky points P and @ whose automorphism groups are Z/pZ and
Ss, respectively (assuming p > 3). Therefore a canonical divisor on X is

Ky=-2H+(p—-1)P+(5+2m)Q

where H ¢ {P,Q} and m is the jump in the ramification filtration of S3 at (). Calculations
show that m = 1 and the canonical ring of X is generated by monomials of the form s%?,
where a and b satisfy W;'%)l’ <a< %b; see [O’D]. In particular, the canonical ring has L%J
generators in degree p. For example, when p = 7 or 11, the canonical ring has 1 generator

in degree p and none in lower degrees.

8 Future Directions

It would be desirable to have a geometric description (i.e. in terms of intrinsic data such as
line bundles and sections) of the local structure of stacky curves with arbitrary automorphism
groups. As pointed out in Section 1.1, these are all of the form P x Z/rZ for some p-group
P and some r prime to p. Of course, Lemma 5.1 and its tame analogue [Cad, Rmk. 2.2.3]
allow one to iterate tame and wild cyclic root stacks to obtain any local desired structure.
In theory this can be used to describe such a structure in terms of line bundles and sections,
but it is unwieldy.

Example 8.1. If X is a stacky curve in characteristic p with a stacky point x whose auto-
morphism group is G = Z/pZ x Z/pZ, one can obtain this local structure by iterating two
Artin-Schreier root stacks. For example, a stacky P! with a single stacky point at oo with
this structure can be constructed by

X = 0., ((0(1), 2o, 21") /P) xp1 0, (O(1), 0, 27) /PY)

where my, my are the lower jumps in the desired ramification filtration of G.
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Any stacky curve with automorphism groups that are elementary abelian may be con-
structed in a similar fashion, using Artin—Schreier and Artin—Schreier—Witt root stacks. This
is of evident interest in characteristic 2 in light of Example 7.5. One can also construct stacky
structures with cyclic-by-tame automorphism groups, although it is not clear how to classify
these structures since the semidirect product structure does not appear in the root stack
constructions.

Question 8.2. Can one extend Theorem 5.7 to cyclic-by-tame automorphism groups?

Question 8.3. Can one give an intrinsic description (in terms of line bundles, sections,
etc.) of a stacky P! in characteristic 2 with an automorphism group Qg ?

From our perspective, the main obstacle to an intrinsic description of general stacky
structures is the lack of a nonabelian generalization of Garuti’s compactification W,,. A
possible approach may be found in the Inaba classification of G-extensions, where G is a
p-group in characteristic p, due to Bell [Bel] in its most general form.

Theorem 8.4 ([Bel, Thm. 1.5]). Let G be a finite p-group, possibly nonabelian, and fix an
embedding G — U, (F,) into the unitary group U,(F,). For a ring R of characteristic p with
connected spectrum X = Spec R, the Galois G-covers of X are classified up to isomorphism
by the quotient U,(R)/LU,(R), where L(M) = M® M~ for any matriv M € U,(R), and
where MP) is the matriz whose entries are the pth powers of the entries of M.

Question 8.5. Is there a natural compactification of the unitary group Uy, which contains
Garuti’s Wy, as a subvariety, such that the map L : U, — U, extends to the compactification?
Is there a stacky compactification of U, generalizing the stacks W, (1,mq,...,my)?
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